A prediction method is developed based on the acoustic analogy for the cross-power spectral density in the convecting near-field of compressible fluid turbulence. Equivalent source near-field, mid-field and far-field terms within the model integrand create corresponding near-field, mid-field, and far-field radiating waves. These equivalent sources are modeled with a single equation for the two-point cross-correlation of the Lighthill stress tensor that is dependent on the jet operating conditions. An alternative equivalent source model based on steady Reynolds-averaged Navier-Stokes solutions is proposed in the appendix. The cross-power spectral density model automatically reduces to a traditional auto-power spectral density model when observers are at the same location. Predictions of radiation intensity and coherence compare favorably with measurement in the near-field, mid-field, and far-field for a wide range of jet Mach numbers and temperature ratios. 
Introduction

Survey of Previous Experiments and their Relation to the Present
The vast majority of investigations examining noise from jets are conducted by performing acoustic measurements at independent points. Statistics between observer positions is generally not considered. Conducting measurements at two or more points and subsequently examining two-point statistics allows for additional insight regarding the source of noise and the physics of jets. Maestrello, 12 motivated by a desire to gain additional insight into jet physics and radiated sound, conducted two-point measurements at NASA. Juve et al. 13 conducted a similar azimuthal correlation study of the far-field jet noise soon after. Maestrello 12 and Juve et al. 13 showed that coherence decays in the far-field with increasing observer angle separation and with increasing frequency.
Azimuthal modal decomposition was performed in the far-field using multiple acoustic arrays recently by Kopiev et al.
14 They quantified the azimuthal modal dependence of acoustic radiation relative to the axial source location. These significant findings were alluded to with the acoustic analogy approach of Ribner.
15
During the same year that Juve et al. 13 published their measurements, Bonnet and Fisher 16 examined ring source models, the resultant sound field, and resultant coherence. They argued that coherence in both the near-and far-field is mainly a function of frequency and is independent of any type of coherence of the structure within the noise source. This view is in contrast to that of Kopiev et al. 14 Predictions in this paper support both views of Juve et al. 13 and Kopiev et al. 14 in that turbulence contains both highly coherent and incoherent sources. The coherence depends on the radiation direction and radiation frequency.
Suzuki and Colonius 17 designed a near-field and mid-field concentric ring measurement array that completely surrounded the jet plume. These arrays were mounted in the Small Hot Jet Acoustic Rig (SHJAR) facility (see Bridges and Brown 18 ) at NASA and a number of measurements were conducted with varying jet Mach number and temperature ratios. The SHJAR facility was also used by Lee and Bridges 19 with a far-field polar array that contained 16 microphones. Their measurements showed where the equivalent peak noise source location is as a function of frequency for the jet conditions studied by Suzuki and Colonius. 17 It was shown that the peak source location will approach the nozzle exit as the noise frequency under examination is increased.
Viswanathan 20 conducted the most comprehensive study to date, at the Low-Speed Aeroacoustic Facility of Boeing, for the variation of jet noise coherence. It can be observed that coherence as a function of frequency decays as a Gaussian function, transitions to a combination of Gaussian and exponentially decreasing functions, and finally an exponentially decaying function, as the separation between observer angles increases. Predictions in this paper show the same transition of coherence in the near-field and mid-field relative to measurements of Suzuki and Colonius 17 . A number of array based measurements attempted to quantify the spatial distribution of the equivalent source. Some of the first approaches were by Billingsley and Kinns 21 and Fisher et al. 22 The later investigators created a method that quantified the equivalent source as a function of frequency in the jet streamwise direction. A more advanced source model is proposed in this paper and is inspired by Fisher et al. 22 Perhaps a superior way to quantify the equivalent source is with direct measurement of the turbulent statistics within the jet plume. One recent study by Doty and McLaughlin 23 relied on an optical deflectometry system that did not disturb the flow-field while providing axially varying statistics within the jet plume. A similar study was performed by Panda and Seasholtz 24 who examined two-point statistics of fluctuating quantities using Rayleigh scattering. They examined two-point statistics of the various fluctuating quantities and also compared them with far-field radiating noise in the downstream direction. Panda and Mosher 25 examined rocket exhaust with a large 70 microphone array and derived contours of sound pressure level that illustrated the highly distributed source in a launch system environment. These particular studies are useful in the present work to help define the two-point cross-correlation of the Lighthill stress tensor.
Survey of Previous Predictions and their Relation to the Present
Prediction of auto-spectra and cross-spectra mainly developed separately from the experimental investigations surveyed above. Countless investigators have applied computational fluid dynamics (CFD) approaches to predict jet auto-spectra. Some notable investigations include but are not limited to Shur et al., 26 Mendez et al., 27 Erwin et al., 28 Uzun and Hussaini, 29 and Buhler et al. 30 These numerical simulations are very computationally expensive. Sound intensity levels often compare favorably with measurement but comparisons are usually performed for auto-spectra.
Another prediction approach is based on modeling instability waves within the jet and relating them to the radiating field. Suzuki and Colonius 31 and Suzuki, 32 using the measured near-field and mid-field array data of Suzuki and Colonius, 17 conducted a series of studies that related wavepackets to the instability waves. In the former study, attention was paid to the relation between the instability waves and lower frequencies of jet noise. The latter study focused more on the noise source as modeled with the wavepacket approach. This paper relies heavily on the measurements conducted by Suzuki and Colonius. 17 Reba et al. 33 used two-point statistics of a near-field array close to various jets and projected sound to the mid-field using the wave equation. Cavalieri et al. 34 studied the velocity field of subsonic jets and discerned instability waves modeled as wavepackets. These wavepackets were connected to the radiated sound of the jet using measurements of the velocity field. Their study connected the wavepacket with the statistics of the jet flow and the acoustic intensity in the near-field.
A more analytical approach is based upon the acoustic analogy, which is an exact rearrangement of the governing equations of motion. Lighthill, in his now famous works on general theory 35 and turbulence as a source of sound, 36 introduced the acoustic analogy. Lighthill constructed a model for the equivalent source consisting of convecting quadrupoles that resulted in an estimate of jet noise intensity scaling as M 8 j , where M j is the fully expanded Mach number. This theory was revolutionary and predicted jet noise in the far-field. Lighthill's approach is the basis of the prediction method developed in this paper.
Perhaps the first serious acoustic analogy approach for the prediction of jet noise coherence (which is a function of CPSD) was performed by Ribner. 15 Ribner used the acoustic analogy approach of Lighthill 35 and formulated an expression for the coherence in the far-field about observers with equal distance to the nozzle exit. The theory relied on an isotropic turbulence assumption, non-compactness of the source region, and the directivity of the quadrupole equivalent source. The last assumption is responsible for the decay of coherence with increasing azimuthal observer angle. Ribner used a large body of excellent measurements by Maestrello 12 to validate his theory with relative success. Richarz 37 extended the theory of Ribner 15 for the correlation between two observers in the jet farfield. Comparisons of coherence between far-field observers and measurement were satisfactory, but most importantly illustrated the need to model the source as non-compact even for jet far-field predictions. HarperBourne 38 developed semi-empirical prediction methods for the acoustic loading from the jet near-field on airframe structures. Semi-empirical methods were developed based on a spatially varying source specified by array measurements. The model consisted of two independent axial source functions. Comparison with measurements showed very good agreement but relied heavily on calibration data.
Using these previous investigations as guidance, we return to the original theory of Lighthill, 35 but with the goal of predicting near-field CPSD from high-speed heated compressible jets in the presence of a flight stream Mach number. Once we have obtained a general formulation, we construct a simple model for the jet source that is inspired by the work of Harper-Bourne. 38 An alternative source model based on steady Reynolds-averaged Navier-Stokes (RANS) solutions is developed in the appendix.
Mathematical Theory
Here, we form a CPSD model for randomly fluctuating pressure near fluid turbulence in the presence of an ambient Mach number. The governing equations are the Navier-Stokes equations. We initially follow Lighthill 39 and define the continuity equation as
and the momentum equation as
where
p is the pressure, t is time, u is the velocity vector, x is the spatially independent variable, δ ij is the Kronecker delta function, ρ is the density, and µ is the viscosity. Terms where the same subscript resides imply summation (standard Einstein notation). We apply the partial derivative operator on Eqn. 1 with respect to time and separately apply the divergence operator on Eqn. 2. Subtracting the modified continuity equation from the divergence of the momentum equation, then adding
to both sides of the resulting equation, and simplifying yields Lighthill's 35 acoustic analogy
where T ij is the Lighthill stress tensor (see Lighthill 35 for details and discussion). We have now obtained a wave equation with a right hand side equivalent source. The Green's function of Eqn. 5 is governed by
where g(x; y, t; τ ) is the Green's function, x is an observer location, y is a source location, and δ is the Dirac delta function. It can easily be shown that the solution of Eqn. 6 in three-dimensional space is
Using the Green's function and a convolution integral, the general solution of Eqn. 5 is
Now that the general solution of the Lighthill acoustic analogy is obtained we pause and examine properties of differentiation with respect to the double divergence of T ij . The integral of Eqn. 8 can be written after expanding ∂/∂x j
where we have labeled the first and second term for convenience. Expanding the first term of Eqn. 9
and also expanding the second term of Eqn. 9
An excellent overview of this process is given by Lighthill, 35 but here we have retained all radiating terms. Using these expansions of the integrand, making substitutions for compactness, introducing a vector Mach number that convects the source (see Lighthill 35 ), and converting to pressure, Eqn. 8 becomes
where 
where the subscript l and m are analogous to i and j.
Turbulence is a completely deterministic process, however, only statistical quantities of turbulent flow can be predicted. Thus, we are forced to pursue a statistical approach. We perform the two-point crosscorrelation of Eqns. 12 and 13 and obtain
where '...' represents additional integrals and terms A 1 through A 4 are
and,
Note that in similar approaches the ambient speed of sound is removed from the integrand. This is not possible due to retaining the mid-and near-field terms. Equation 14 is very complicated and contains many different two-point cross-correlations of various combinations of quantities. Thus, we seek to simplify Eqn. 14. Detailed examinations of these two-point cross-correlations are shown by Lighthill, 39, 35 Ribner,
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and Ffowcs Williams. 40 We note thatṪ ij T lm = 0 andT ij T lm = −Ṫ ijṪ lm are assumed to be statistically stationary random functions in time (discussed by Ribner 15 ). These simplifications are used in conjunction with Eqn. 14. We then group integrand terms according to their relative contribution to the near-field, mid-field, and far-field. Terms with second order powers in propagation correspond to far-field terms, fourth order powers correspond to the mid-field terms, and sixth order powers correspond to near-field terms. These operations result in
where the far-field term is
the mid-field term is
and the near-field term is
The terms in Eqns. 20 through 22 have been grouped by descending order of effective trigonomic angles of the observer vector. If the vector ambient Mach number, M ∞ = 0, then Eqn. 19 is relatively compact
We define the CPSD as
where t = t + τ and subscripts 1 and 2 represent two separate positions. Note here that r 1 and r 2 are vector magnitudes and not components. Particularly astute readers will note that volumetric integration over a source region when x = x 1 = x 2 will yield a real quantity and G (x 1 , x 2 , ω) will reduce to the auto-power spectral density S(x, ω). Substituting Eqn. 19 into Eqn. 24 yields
Equation 25 is the CPSD due to a convecting turbulent field within a free-stream Mach number. Its application is not limited to jets. The three terms within the integrand, 'Far-Field,' 'Mid-Field,' and 'NearField' are grouped based upon the inverse power of propagation distance. It will be shown below that these terms relative contributions to the intensity at x are not necessarily restricted to radiation distance. To evaluate Eqn. 25 knowledge of T ij T lm and its derivatives must be known. These quantities can be calculated numerically using unsteady CFD. We construct a model for T ij T lm and propose a second model based on steady RANS solutions in the appendix.
The Variation of F t , M t , and N t with Radial Position and Free-Stream Mach Number
Before we turn to the task of creating a model for T ij T lm , we examine the variation of F t , M t , and N t with varying radial position and free-stream Mach number. The derivation of the far-field, mid-field, and near-field terms shown in Eqns. 20 through 22 respectively illustrate the fall-off of the intensity relative to the turbulent source. The spectral density decays as r −2 , r −4 , and r −6 for the F t , M t , and N t terms respectively. These three pre-factor terms are functions of observer positions and the free-stream Mach number. To illustrate their relative magnitude and decay in the most basic fashion, we restrict x 1 = x 2 , vary the observer position in the plane of the nozzle exit from one to one hundred nozzle diameters away from the nozzle exit, and vary the free-stream Mach number from zero to one half. Figures 1(a) through 1(c) show contour plots of F t , M t , and N t respectively. The y-axis is the magnitude of M ∞ and is orthogonal to the radial observer location, and the x-axis is the logarithm of the radial position normalized by the nozzle exit diameter. Large variation in magnitude is observed between the three terms and is mainly attributed to the ambient speed of sound factors present in the denominator. Note there is no variation in F t with increasing M ∞ at this radiation angle because M ∞ does not appear in the term explicitly, and the dot product of the observer vector with M ∞ is zero. At radiation angles other than the sideline and M ∞ > 0, the variation of the F t term will be dependent on M ∞ .
Modeling the Two-Point Cross-Correlation of the Lighthill Stress Tensor
In this section, we seek models ofT ijT lm ,Ṫ ijṪ lm , and T ij T lm . We assume that the first two two-point cross-correlations involving derivatives are dependent on the latter. Detailed examinations of these twopoint cross-correlations are shown by Lighthill, 39, 35 Ribner, 15 and Ffowcs Williams. 40 For simplicity, we define the two-point cross-correlation of the Lighthill stress tensor as
where η = η(ξ, η, ζ) is a vector between source positions y 1 and y 2 . Goldstein 41 showed that crosscorrelations involving derivatives of the same order can be written
and similarily it can be shown
This approach was used and justified by Ribner. 15 We propose a model for the two-point cross-correlation of the Lighthill stress tensor
where A ijlm is a coefficient that must be modeled based on local flow quantities within the plume, l s is the streamwise turbulent length scale, l sy and l sz are the cross-stream turbulent length scales, u is the effective axial velocity at y, and τ s is the turbulent time scale. Though the model will not capture characteristic 'negative loops' observed in measurement, the proposed model is consistent with Tam. 42 Morris and Farassat, 43 and Miller 44 also demonstrated accurate predictions relative to measurement using this model. The selection of this model also allows the derivatives and integrals with respect to time and space to be performed analytically and yields appropriate powers of ω that are consistent with Tam, 42 Morris and Farassat 43 and Miller.
44 Furthermore, by choosing to use the coefficient matrix A ijlm , the potential to include anisotropic effects of turbulence is possible. Inclusion of these effects can be beneficial as shown by Khavaran.
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Substituting Eqn. 29 into Eqn. 27 and performing the fourth order derivative with respect to τ yields
Similarly, substituting Eqn. 29 into Eqn. 28 and performing the second order derivative with respect to τ yields
Multiplying Eqn. 30 by exp [−iωτ − iωr/c ∞ + iωr /c ∞ ] and integrating with respect to τ yields
Similarly, multiplying Eqns. 31 and 26 by exp [−iωτ − iωr/c ∞ + iωr /c ∞ ] respectively and integrating with respect to τ yields
and
respectively. Equations 26 through 29 and 32 through 34 are substituted into Eqn. 25 giving
Terms in Eqn. 35 can now be modeled using steady RANS solutions as shown in the appendix. Some readers may be concerned about the term, u, in the denominator of the resulting integrations. The integration over ξ from −∞ to ∞, which is often performed for far-field auto-correlation models, results in a term with u in the numerator. Thus, even with localized u = 0 within a turbulent flow, the singularity will not occur when Eqn. 35 is evaluated. The possibility of having a singularity due to a streamwise meanflow velocity of zero is not possible in the application of the model.
An Effective Anisotropic Model
Here, we form a relatively simple model for the stochastic terms of Eqn. 35 . We assume that these stochastic terms can be represented as effective overall values and are strongly dependent on the axial location within the jet. Using this assumption, the effective properties' dependence on η and ζ are minimal. The cross-stream integrals are
and similarly
Thus, Eqn. 35 can be written
The term A ijlm represents coefficients of the fourth order two-point cross-correlation of the stress tensor. We propose a model for A ijlm
where P f = π(10 −17/5 ) 2 is a constant, arg is the argument, and the other terms are described below. Prediction of the coherence in the near-field does exhibit decay with increasing frequency and separation angle between observers. However, the decay is sometimes too weak without the exponential term. Thus, the term involving arguments of observer position and frequency is proposed in Eqn. 39. The arguments of angles in Eqn. 39 are dependent on observer position and weakly on frequency. The latter term is equivalent to the natural property of turbulence radiating sound; that is sound becomes less coherent relative to increasing frequency and increasing radiation angle. Anisotropy of A ijlm is incorporated by setting the coefficients of A ij and A lm as
where σ is a function that is dependent on the Mach number and frequency of the acoustic radiation
and σ f is
The first coefficients of A ij and A lm are
where M c = 0.70 is a constant coefficient that represents the overall fraction of the effective convective Mach number and β s = 10 −1 is a constant. The form of the coefficients, a 11 and b 11 , and their powers are chosen based on the model of Ffowcs Williams.
40 If x 1 = x 2 and x y, then the coefficients effectively have a fifth power. The equivalent spatial source distribution is modeled by the term S y in Eqn. 39 as
where k max is the maximum effective turbulent kinetic energy in the jet plume. Extensive numerical simulations suggest that k max is approximately
where Erf is the error function, k f = 3 × 10 3 is a constant, P r = 0.72 is the Prandtl number, and P r t = 0.90 is the turbulent Prandtl number. The total temperature ratio (TTR) is the plenum stagnation temperature divided by the ambient static temperature. Figure 2 shows a comparison of predicted k max using Eqn. 46 with k max extracted from steady RANS solutions.
Equation 38 contains turbulent length and time scales. We approximate the turbulent length scale as
where α l = 1.07 is the spreading rate per unit D j . Equation 47 is created based on the same steady RANS solutions that Eqn. 46 is based upon, and it yields slopes of increasing integral length scale with increasing axial distance from the nozzle exit. Equation 47 has similar agreement with length scales derived from steady RANS. The cross-stream turbulent length scales, l sy and l sz , are one-third of l s . The turbulent time scale is a function of the local turbulent length scale, τ s = l s /u. The spatially varying time-averaged stream-wise velocity component and temperature proposed here are approximated using the models of Lau et al. 46 and Lau, 47 and these have been modified to incorporate the free-stream Mach number. The effective streamwise velocity component is (48) and similarly for T
where y c is the jet core length. The core length is estimated using the model of Tam. 48 The core length y c is
A better approximation would model u and T as effective equivalent radially averaged properties instead of local centerline averaged quantities. This investigation is focused on turbulent mixing and we assume p ≈ p ∞ throughout the jet plume. The density varies as, ρ = pR
, and the speed of sound as,
Equivalent Source Comparisons with Measurement
We pause here to examine the developed source model present within Eqns. 38 and 39. Figure 3 shows comparisons between the developed equivalent source model, the predictions of Tam et al., 49 and the experiments of Schlinker 50 and Laufer et al. 51 We follow the approach of Tam et al. 49 by plotting the relative strength on the y-axis and the axial location, x/D, on the x-axis. Relative source strength is normalized by the maximum strength per prediction or measurement. All predictions and measurements are at the sideline observer location (following the validation approach of Tam et al. 49 ). Figure 3(a) shows the equivalent source strength per unit length of the developed approach as a solid line, the prediction of Tam et al. 49 as a dashed line, and the experiment of Schlinker 50 as circles. The jet operates at M j = 1.97, TTR = 1.00, and St = 0.40 where St is the Strouhal number (f D j u −1 j ). The nozzle exit diameter is 0.0254 m. Relative to the cases used to calibrate the model, this M j is very large. Figure 3(b) shows the same predictions and measurement but at St = 0.09. As the frequency decreases the peak source location increases. Finally, Fig. 3(c) shows predictions and measurement for an unheated M j = 1.47 jet. The equivalent source strength is integrated over the entire frequency range on a per axial location basis. Thus, Fig. 3(c) , shows the total source strength at all frequencies at each axial location. The peak relative source strength is x/D ≈ 5. Overall, the predictions of Fig. 3 generally follow the same trends as the predictions of Tam et al. 49 and the experiments of Schlinker. S(x, ω)
where p ref = 20 µPa is the reference pressure and S(x, ω) = G(x, x, ω) is the spectral density. The second logarithmic term is present to conserve energy when converting from PSD to SPL per unit St. In this paper, we compare the coherence based upon the predicted CPSD with those of corresponding measurement. The prediction of coherence is performed by evaluating
where superscript * denotes the complex conjugate. For predictions presented within this paper, G is calculated numerically using Eqn. 38.
Survey of the Measurements
This section surveys measurements of the SHJAR facility and resultant data used for comparison with predictions. Three sets of measurements are used to validate the developed theory and consist of data from a far-field, mid-field, and near-field acoustic array. The far-field array measurements are primarily used to validate the capability to predict far-field jet noise auto-spectra over a range of jet operating conditions. The mid-field and near-field array measurements are used to validate the prediction of near-field, mid-field, and far-field outgoing wave auto-spectra and cross-spectra in the near-field and mid-field of the jet.
The design of the SHJAR facility and far-field microphone measurements were discussed by Bridges and Brown. 18 The SHJAR facility consists of a single-stream jet mounted 2.5 m above the floor within an anechoic dome with a radius of 20 m. The far-field SHJAR database of Bridges and Brown 18 has been used by many investigators. Measured auto-spectra, shown as SPL per unit St, were processed by Bridges and Brown. Many jet operating conditions were examined in the initial SHJAR study. Here, we select a subset of these conditions that are representative of a wide range of jet Mach numbers and temperature ratios. Conditions examined in this paper in the far-field are shown in Table 1 . Each row represents a jet operating condition and each column represents the design Mach number, M d , fully expanded Mach number M j , total temperature ratio, TTR, nozzle exit diameter, D, fully expanded velocity u j , and fully expanded temperature, T j . The asterisks by case names are those presented in this paper, but all were examined when developing the model. Multiple SHJAR nozzles were used and consisted of a convergent nozzle and two convergent-divergent method of characteristics M d = 1.185 and M d = 1.50 nozzles. The SHJAR study used a large number of microphones on a polar array of constant radius. Observer locations shown in Table 2 are used to validate the far-field SPL per unit St over a range of representative jet operating conditions.
Mid-field and near-field array construction and observer placement were discussed by Suzuki and Colonius. 17 Suzuki and Colonius 17 initially designed the mid-field and near-field arrays with direct numerical simulation and experimental meanflow measurements to study jet instability waves. Figures 4 and 5 show the mid-field and near-field array respectively where 15 rings hold 78 microphones that point towards the jet centerline axis. The nozzle can be seen near the center of both arrays on the centerline axis pointing downstream. Both arrays could be moved in the axial direction to adjust the axial coordinates of the observers. Data is available for these arrays as a discrete pressure time history.
Observer positions of the mid-field array shown in Fig. 4 are plotted in Fig. 6 . These observer positions are tabulated in Table 3 . Figures 6(a) and 6(b) show microphone positions projected on the x − y and y − z planes respectively, where x is the stream-wise direction, and y and z are orthogonal cross-stream directions. Observer positions were systematically placed to facilitate optimal statistical analysis and for potential use in beam-forming algorithms. The latter projection illustrates that the microphones were located approximately 20D in the radial direction from the jet centerline axis in a spiral pattern. A small circle near the origin in Fig. 6(b) represents the nozzle exit. Coordinates in both projections have been normalized by D.
A projection of observer positions of the near-field array of Fig. 5 are shown in Fig. 7 . These observer positions are tabulated in Table 4 . Figure 7 (a) shows the projection in the x − y plane and Fig. 7(b) shows the projection in the y − z plane. Relative to the mid-field array, the microphones were arranged in a more orderly azimuthal fashion and the middle of the array was centered about the nozzle exit in the axial direction. Each subsequent axial ring was staggered azimuthally by 30 o which helped suppress aliasing error according to Suzuki and Colonius. 17 The spreading angle in the axial direction of the near-field array was 11.3 o . By examining Fig. 7(b) , it is observed that the radial distance of the observers from the nozzle centerline ranged from approximately 1D to 2.2D. Both the near-field and mid-field arrays used quarter-inch diameter microphones.
Data Processing
This sub-section discusses data processing of the mid-field and near-field arrays. Data processing of the far-field array was discussed by Bridges and Brown. 18 The signals from the mid-field and near-field arrays shown in Figs. 4 and 5 were converted to a discrete pressure in Pascal as a function of time. These acoustic pressures were sampled at a rate of 50 kHz and the time between sampling was ∆t = 2 × 10 −5 s. For each jet operating condition, the mid-field array was sampled n s =1,000,000 times and the near-field array was sampled n s = 500,000. These measurements resulted in files containing discrete pressure as a function of time for each microphone position and jet operating condition.
For both the mid-field and near-field array the PSD and SPL are required at each microphone and CPSD and coherence are required between every microphone pair. The PSD of the pressure at each microphone is
where a v is the number of averages of the PSD, f is the frequency, p is the pressure, t is the time at measured index value i, and x is the observer position measured from the nozzle exit. The variable b w is the bin-width of the resultant spectrum and is used to ensure that the PSD is on a per unit Hz basis. Recall the superscript asterisk represents the complex conjugate. A tilde represents the discrete Fourier transform from the discrete time at index i to i + n s a 
Note that CPSD is dependent on two vector positions from the nozzle exit, x 1 and x 2 . The CPSD is complex unlike the PSD. We prefer to compare predictions of CPSD in terms of coherence, which is a function of both PSD and CPSD. Here, we define coherence between two simultaneously captured discrete pressure time histories as
where e s = n s /a v is the number of ensembles and Re is the real part (an operation to remove machine error). These statistical quantities are dependent on f and are on a per unit Hz basis. Here, we prefer radial frequency, ω i = 2πf i (to be consistent with the theoretical development), and have obtained statistical quantities at discrete frequencies, f i = ib w − b w , for i = 2 to n/a v /2. The value of n represents the number of pressures measured at time, t. 'Windowing' of the data during processing is not performed. Thus, some spectral leakage might be apparent in some of the measurement results. This effect is minimized because the value of ∆t is relatively small and a large number of long-averages are performed. Note that windowing is not performed in the prediction approach. Similarly, Suzuki and Colonius 17 elected not to window data for their instability wave study. Finally, the statistical quantities in Eqns. 53 through 56 are corrected to account for atmospheric absorption using the approach of Bass et al.
53, 54
Results
This section examines predictions of the simplified model Eqn. 38 with the measured results outlined in the previous section. First, the model equation is evaluated for auto-spectra in the far-field and compared with the SHJAR polar array. Next, the model equation is evaluated for auto-spectra at the mid-field and near-field observer locations. Then the coherence between observers at the mid-field and near-field array are compared with measured coherence. Finally, a summary of a sensitivity study of the modeling parameters is presented. Figure 8 shows predicted SPL per unit St for a M j = 1.00 and TTR = 1.00 jet (first row of Table 1 ). The nozzle is convergent with an exit diameter of 0.0508 m. Observer locations are shown in Table 2 for all proceeding far-field comparisons. The observers are at various observer angles, Ψ o , measured from the upstream nozzle centerline axis. Each observer is 100 nozzle diameters from the nozzle exit. Predictions and measurements are shown as solid lines with diamonds and solid lines respectively. Six auto-spectra comparisons are shown with the angle Ψ o at the left side of each comparison set. Above each set of autospectra the maximum SPL of the measurement is shown. Note that the vertical axis contains 20 dB per unit St between major grid lines. At each observer angle the maximum SPL per unit St and peak frequency is accurately captured. For small values of Ψ o the prediction slightly under-predicts the measurement due to very weak broadband shock-associated noise (BBSAN) presence near St ≈ 1.5. The predicted spectral shape in the downstream observer direction changes relative to the sideline spectral shape automatically. In this radiation direction at relatively high or low frequencies the error is approximately 4 dB. This particular case is important because these jet conditions are used for comparisons of the mid-field and near-field arrays. Overall, these comparisons are very satisfactory given the use of the simplified equivalent source model.
Far-Field Intensity
We retain the transonic Mach number and increase the heating of the jet from the previous case to TTR = 3.20. These results represent the jet operating condition shown in the third row of Table 1 and are shown in Fig. 9 . The effect of refraction is smaller relative to other directions, and it is shown that the prediction and measurement compare within measurement error. This observation shows that the choice of the TTR scaling factor in the source model (Eqn. 45) is accurate and this trend is also observed in subsequent cases. The maximum SPL per unit St and peak frequencies are generally captured except at Ψ = 130 o where a 4 dB under-prediction of the measurement is observed. This particular angle, where the transition from incoherent mixing noise to coherent mixing noise occurs, is often difficult to predict accurately. Like the unheated transonic case, in the downstream direction the decay of predicted mixing noise intensity is too high with increasing St for large St.
The transonic Mach number is reduced to M j = 0.70 and the same TTR = 3.20 is retained relative to the previous case. This jet condition is represented by the fourth row of Table 1 . Auto-spectra comparisons of this jet are shown in Fig. 10 . At the sideline direction the prediction and measurement share the same maximum SPL per unit St and peak frequency. The maximum SPL per unit St is generally captured in the sideline and upstream direction but is under-predicted by up to 2 dB in the downstream direction. At higher frequencies in the downstream and upstream direction, the SPL per unit St is under-and over-predicted by up to 8 dB respectively. At Ψ = 150 o the overall spectral shape does not correctly capture the overall spectral shape of the measurement. That is, a small inflection is present near St ≈ 1 that is not present in the prediction.
The next set of auto-spectra comparisons in the far-field are shown in Fig. 11 and represent noise intensity from an unheated M j = 0.40 jet. The jet operating conditions are shown on the eighth row of Table 1 . Here, the maximum noise intensity is much lower than previous cases. At the sideline location the maximum predicted SPL per unit St matches measurement and peak frequency, though the lower frequencies are slightly under-predicted. Overall the maximum predicted noise intensity and peak frequency are captured and gives some credibility to the scaling factors of the source model. At very high frequencies, the same trend of over-and under-prediction is observed relative to previous cases at low and high Ψ respectively.
The final far-field auto-spectra predictions are shown in Fig. 12 and the operating conditions are shown on the eleventh row of Table 1 . This jet operates at M j = 1.185 with moderate heating of TTR = 1.80. Overall, the maximum SPL per unit St and peak intensity of the mixing noise is captured by the prediction method.
Overall, the far-field auto-spectra predictions and measurements show that the developed model for CPSD accurately captures the scaling of noise intensity with increasing jet Mach number and stagnation temperature. The model is shown to perform well over the range of available jet operating conditions. That is, it is validated for low Mach number jets through low-speed supersonic jets over a range of relevant temperature ratios. Though some of the predictions show trends of slight over-or under-prediction, overall the predictions are very good in this author's opinion given the simplicity of the equivalent source model.
Mid-Field Intensity
We now permanently turn our attention to the transonic unheated jet (M j = 1.00 and TTR = 1.00) represented by the first row of Table 1 . Predictions of far-, mid-, and near-field auto-spectra using the CPSD model (Eqn. 25) are compared with measurement in Figs. 13 and 14 . The observers are located at various microphone positions of the mid-field array tabulated in Table 3 . Comparisons are made at locations with an asterisk by 'Mic.#' in the first column of the table. Instead of angles, Ψ, as in the previous far-field comparisons, these comparisons show the axial location of the microphone relative to the nozzle exit, x 1 /D. Here, the subscript '1' denotes the location of the reference observer. For example, in Fig. 13 , the second set of predictions compared with measurement from the bottom of the figure, have an x 1 /D location of -2.38. In Table 3 . 25) . A diamond, circle, and triangle represent the far-field, mid-field, and near-field contribution respectively. Note that these contributions are by name only within the integrand of the CPSD model and do not necessarily represent the dominant term in the model.
At the mid-field array the predicted noise intensity is dominated by the far-field term in the CPSD model at St 0.3. At almost all observer angles the maximum SPL per unit St and peak frequency is predicted correctly relative to measurement. In the geometric far-field, the far-field contribution propagates and is represented by the prediction shown in Fig. 8 . The mid-field and near-field components of the CPSD model decay and are not represented in the corresponding far-field noise intensity predictions. At lower frequencies in the mid-field, the noise intensity is dominated by the mid-field CPSD term in the sideline and upstream direction and by the near-field CPSD term in the downstream direction. A transition occurs from mid-field to near-field dominance of the noise intensity near x 1 /D = 19.38. At axial observer locations smaller than x 1 /D = 15.63, the magnitude and peak of the prediction is correctly captured by the mid-field term relative to measurement at low frequencies. After the transition at axial location x 1 /D = 19.38, the near-field term of the CPSD model starts to dominate and captures the rising low-frequency peak observed in the measurements near St ≈ 0.004. Overall, the predicted SPL per unit St at the mid-field array compares very favorably with measurement.
Near-Field Intensity
The final auto-spectra predictions, for the unheated transonic jet, are shown in Fig. 15 at the near-field array locations tabulated by Table 4 . Asterisks in the table represent observer locations where comparisons are conducted. Note that the observer positions represent a wide range of axial locations and widely varying propagation distances. The format of Fig. 15 is the same as Figs. 13 and 14. In the upstream and partly in the sideline direction strong partially broad tones are observed in the measurement. These tones were shown to correspond to acoustic-modes in a quiescent flow from a cylindrical pipe by Suzuki and Colonius 17 and are not due to jet mixing noise. Their effect, in the upstream direction and their eventually broadening and decay in the downstream direction, dominates the measurement at all large St. Thus, they should be disregarded when assessing the comparisons. Furthermore, at high St the incident angle of the microphones relative to incoming sound waves at high frequencies causes an artificial broadening of intensity in the data.
The far-field contribution is shown as the line with diamonds. At x 1 /D = −0.875 the interior nozzle tones dominate the prediction and make assessing its validity difficult. However, as the axial observer position is increased a clear broad contribution of the far-field CPSD term is apparent with measurement. For example, at x 1 /D = 5.375, the prediction is 2 dB lower than the measured peak intensity. The mid-field contribution of the CPSD model matches in magnitude with the measurement for St ≈ 0.05, especially at the downstream axial observer locations. The low-frequencies are generally dominated by the near-field term, but unfortunately measurement is not available at such low frequencies in the upstream and sideline direction. In the downstream radiation direction, the near-field spectral peak frequency is too high and too intense relative to measurement by 10 dB. Overall, given the difficulty of accurately predicting near-field jet noise, the predictions are relatively good compared to the measurement. We are able to predict with a single equation and with confidence, the near-field, mid-field, and far-field noise intensity, using a CPSD acoustic analogy.
Mid-Field Coherence
We now turn our attention to the prediction of coherence between observers in the mid-field. Coherence is predicted using Eqn. 52 and compared to the measured coherence calculated using Eqn. 56. The jet operates at the unheated transonic condition represented by the first row of Table 1 . Figure 16 Fig. 16(a) through 16(d) respectively. The respective figure legends show ∆φ o between observer pairs at each axial location. The reference observer locations can be ascertained easily from Table 3 . Figure 16 (a) represents the azimuthal coherence variation in the sideline direction of the mid-field array. The lines and associated line types with symbols are pairs of measured and predicted coherence respectively. For an observer separation of ∆φ = 60 o the agreement between the prediction and measurement is very good. As the angle φ is increased between the observer pairs the coherence decreases. Generally, higher coherence is predicted at lower St and is nearly zero at higher St. The prediction in Fig. 16(d) at low St and high St is in agreement with measurement, however there resides a small broad peak near St ≈ 0.2 that is not predicted. These predictions and measurements involving azimuthal decay agree with the trends predicted by Ribner.
15 Figure 17 shows variation of coherence from the transonic unheated jet in the mid-field with varying axial and azimuthal observer pairs. The reference observer number in Figs. 17(a) and 17(b) is 1 and 43 respectively. These represent the coherence decay relative to the upstream observer and an observer in the middle of the array. Observers used in this axial coherence comparison are shown in Table 3 with diamond superscripts. In Fig. 17(a) , the reference observer is at x 1 /D = −5.13 and the paired observers are at ∆x 1 /D = 2.75, 8.76, 12.38, and 28.76 respectively. The varying axial separations of Fig. 17(b) are ∆x 1 /D = -12.01, -6.00, 9.75, and 19.00. Note there is an associated ∆φ for each observer set with similar delta off-sets. At low and high frequencies, St ≈ 0.01 and St ≈ 10, the magnitude of the coherence has been captured with both varying axial distance and azimuthal angle. In some cases the coherence is predicted very satisfactory, such as in Fig. 17(a) for observer 1 and 65 or Fig. 17(b) for observer 43 and 25. In these cases the shape of the coherence and its magnitude match measurement throughout the range of St. Unfortunately, for some observer pairs in Fig. 17 the shape of coherence with St is less satisfactory. For example, in Fig. 17(a) observer pair 1 and 7, the predictions show a much greater coherent decay with increasing St. In both the prediction and measurement, we observe that the coherence transforms from a Gaussian shape to an exponentially decreasing shape with increasing axial and azimuthal separation, which is also in agreement with the measurements of Viswanathan.
20
Near-Field Coherence
Coherence between observer pairs of the near-field array are now examined. Coherence with varying ∆φ at constant axial locations is shown in Fig. 18 and follows the same format as Fig. 16 o . Relative to the mid-field array azimuthal coherence measurements shown in Fig. 16 , extremely strong coherence peaks are observed in the range 0.01 St 1.1. As the axial position of the reference observer increases, these peaks of coherence decrease and broaden into a large single contribution near St ≈ 0.4, as shown in Fig. 18(d) . These are due to the tones previously discussed in the near-field SPL per unit St comparisons of Fig. 15 . Within the ranges 0.01 St 0.1 and St 1, the agreement between prediction and measurement is satisfactory and captures the overall trends of the azimuthally varying coherence at constant axial positions. Otherwise, it is difficult to assess the prediction due to the near-field tones.
The final set of near-field predictions is shown in Fig. 19 for axially and azimuthally varying coherence. The jet operates at the transonic and unheated condition. The reference observers are 13 and 37 shown in Table 4 and diamond superscripts denote observer pairs. Reference observers 13 and 37 are at the upstream and middle locations of the near-field array. Axial separations in Fig. 19(a) are ∆x 1 /D = 1.26, 3.12, 4.38, 5.63 and are ∆x 1 /D = -1.88, -0.63, 1.25 and 2.50 respectively. Like the azimuthally varying coherence comparisons shown previously, strong broad coherent peaks are present within the coherence of the nearfield. Predictions do not illustrate the complete transition from a Gaussian coherence with increasing St to an exponential decay with increasing St. However, we can observe the beginning of the transition. This partial transition is observed in Fig. 19(a) between observers 13 and 25 and in Fig. 19(b) between observers 37 and 19. Discounting the multiple coherent peaks, the variation of coherence with St is overall satisfactory given the difficulty of the calculation and measurement. The predicted coherence between observer positions 37 and 61 shows a rise in coherence near St ≈ 2. This is likely due to the formation of the cross-spectral acoustic analogy and unlikely due to the formulation of the source model. The decay of the near-field coherence with increasing axial location generally shows the correct decay at St ≈ 0.03 through St ≈ 3.
Overall, the near-field array predicted coherence shows more variation from measurement than the midfield coherence. This is partly due to the contamination of the measurement by laboratory scale interior nozzle tones. The near-field coherence predictions, unlike the mid-field, contain strong dominance from the near-field equivalent source term. The combination of accurate near-field jet noise intensity predictions shown in Fig. 15 and coherence predictions shown in Figs. 18 and 19 allow for the acoustic loading in the jet nearfield to be quantified. The combination of near-field noise intensity and coherence allow for the quantitative coupling between jet fluid dynamics, jet aeroacoustics, and airframe structure, using an approach that is more analytical than any other.
Sensitivity Analysis
A sensitivity analysis is performed on the parameters that are present within the source model equations. The numerical one-at-a-time sensitivity approach is selected. It is feasible to perform an analytical one-at-a-time sensitivity approach by performing partial derivatives of the model equation relative to each term, though, this approach is prohibitively time intensive. We vary the magnitude of each parameter by one percent and observe the magnitude of the change in the spectral density. The base case selected is the transonic unheated jet that is used for the majority of the validation. Two near-field observers are selected so that the sensitivity of the near-and mid-field terms are included in the analysis. These observers are located at microphones 19 and 43 of the near-field array as shown in Table 4 . Figures 20(a) and 20(b) show the one-at-a-time sensitivity study for the most sensitive model parameters for the chosen base case as a function of St. Note the yaxis is the absolute change in SPL per unit St relative to the base case intensity. The dominant sensitive parameters in Fig. 20(a) are k max , u, and at very high frequencies l s . At the downstream observer location M c is most sensitive. Note that some parameters are frequency independent or angle dependent. No single modeling parameter altered the model response by more than a dB in the numerical one-at-a-time sensitivity study. These results are characteristic for the other jet Mach numbers, temperatures, and near-field observer positions examined.
Conclusion
An acoustic analogy is developed that predicts the CPSD from turbulent flow. It includes near-field, mid-field, and far-field terms and the effect of an ambient Mach number. Unfortunately, measurement data are not available to validate cross-spectral predictions with a non-zero ambient Mach number. One simple equivalent source model, that is a function of the jet operating conditions and the two-point cross-correlation of the Lighthill stress tensor, is proposed and yields accurate prediction of near-field CPSD. The CPSD model transitions to a traditional auto-spectral model in the far-field automatically. Spectra and coherence compare favorably with measurement in the near-field, mid-field, and far-field for a wide range of jet Mach numbers and temperature ratios.
Given the difficulty of predicting near-field jet noise intensity, let alone CPSD and associated coherence, the use of a simple equivalent source captures the overall trends and in many cases produces excellent predictions relative to measurement. The knowledge of the noise intensity and its spatial coherent decay on a per frequency basis allows for the loading on flight vehicle airframes to be quantified. These predictions allow for estimation of interior vibration, noise, and fatigue estimates with appropriate coupled structural models.
An equivalent source model is selected for its speed, and a more physical model based on steady RANS solutions is proposed in the appendix. This latter modeling approach can directly relate meanflow solutions from more realistic engine nozzles to the CPSD but carries a very high computational cost. The source model proposed in the paper can easily be improved to include other effects, such as a secondary stream or use measurements from acoustic arrays involving source strength per unit length.
where F t , M t , and N t are given by Eqns. 20 through 22 respectively. The streamwise mean velocity component, u, is directly dependent on the steady RANS solution. The turbulent length and time scales, l s and τ s , are functions of the steady RANS solution. We estimate them using,
where l c = 1.00 and τ c = 0.05 are constant coefficients. These coefficients have been calibrated based on a steady RANS solution produced by the NASA Langley Fully-Unstructured Navier-Stokes (FUN3D) CFD code and acoustic intensities for the cold transonic jet. Cross-stream turbulent length scales, l sy and l sz , are one-third of l s . The model for A ijlm is altered,
where P f 2 = π(10 3/10 ) 2 . The definition of A ij and A lm is given by Eqn. 40. The subsequent dependent variables of A ij and A lm are dependent on the local Mach number instead of M j . Equations 45 through 50 are not applicable for a steady RANS based model. Strategies for obtaining the steady RANS solution, its validation, implementation of this model, and its integration with the steady RANS solution is beyond the scope of this appendix. The evaluation of Eqn. 57 is computationally expensive due to the many summations within the integrand and due to the double volumetric spatial integrals involving η and η. Nonetheless, for the transonic case examined, the predictions have the same relative agreement with measurement as previously shown. Tables   Table 1. Jet operating conditions. Asterisks denote cases shown in this paper. Table 3 .
Case Name
Mid-field microphone locations. Asterisks denote microphones for SPL validation and the reference microphone for circumferential coherence validation. Diamonds denote microphones used for axial coherence validation. Table 3 with asterisks for corresponding x1/D. Table 3 with asterisks for corresponding x1/D. Mid-field axially varying coherence per unit St referenced to various observer locations from a transonic jet (case SMC0001). Note azimuthal angle also varies. Reference Table 3 
St SPL per unit St
